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Multirotor unmanned aerial vehicles (UAVs) are widely used in military tasks, as well

as in various civilian areas such as agriculture, search and rescue operations, detection of
fires in forests, traffic monitoring, etc. In real flights of the UAVs some unexpected
situations may occur bringing to failures of various elements or devices of the UAV’s control
system. This, in turn, can lead to the crush and complete collapse of the entire vehicle. First
of all, it concerns the DC motors and propellers, which, as opposed to electronic devises and
sensors, cannot be duplicated. A method of analysis of robustness of UAV’s control systems
with respect to possible partial efficiency degradation of motors is proposed in the paper. The
ultimately allowable efficiency degradation is determined by a simple graphical procedure on
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the complex plane of the Nyquist hodographs of the system’s separate channels. A numerical
example illustrating the proposed method of analysis of the UAV’s control system robustness
is given.

Key words: multirotor UAV, motors efficiency degradation, multivariable control
system, additive uncertainty, robustness.

Introduction

Multicopters, or NV -rotor copters, also called multirotor unmanned aerial vehicles
(UAV), are widely used in various military, search and rescue, and other civilian fields
including: road traffic monitoring; detection of fires in forests; monitoring the technical
condition of buildings, railways and roads; technical support in agricultural works and
geological exploration, etc. [1-3].

In real flights of the UAVs some unexpected situations may occur bringing to failures
of various elements or devices of the UAV’s control system. This, in turn, can lead to the
crush and complete collapse of the aerial vehicle. Therefore, the safety and survivability of
UAVs are nowadays of paramount importance. Especially, it concerns the tasks carried out
in urban areas, since any failure or fault occurred in a UAV may not only bring to its crash,
but also cause damage in its surroundings and even expose human beings to injury risks.

That is why the so-called fault-tolerant control systems of UAVs have attracted much
interest among researchers in recent years [4, 5]. Many advanced control methodologies have
been proposed to overcome the problem of elements’ failures, including optimal control,
model predictive control, model reference and L, adaptive control [6], sliding mode control
and some others. Most of these methodologies bring to complicated technical solutions and
are very rarely used in practice.

Another widely used and effective approach to solving the problem is based on
methods of robust control [7, 8]. These methods allow engineers to develop systems that are
rather simple in practical realization but can tolerate, to a certain extent, efficiency
degradation (not complete failure) of some systems’ elements.

It should be noted here that the problem of failures of UAV’s control system elements
primarily concerns the direct current (DC) motors and propellers, which, as opposed to
electronic devises and sensors, cannot be duplicated.

A method of analysis of robustness of UAV’s control systems with respect to possible
partial efficiency degradation of motors is proposed in the paper. The ultimately allowable
efficiency degradation is determined by a simple graphical procedure on the complex plane
of the Nyquist hodographs of the system’s separate channels. A numerical example
illustrating the proposed method of analysis of the UAV’s control system robustness is given.

Rigid-Body Dynamics of UAVs.
In this section, we consider rigid-body dynamics equations of multirotor UAVs [6,9].

Let {I} denotes a right-hand inertial frame with axes Y12V 21 and {B}, a body-fixed frame

with axes *5>V52%5 aligned along principal axes of inertia (Fig. 1). The position of the center
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_ T
of mass of the UAV in the inertial frame {I} is given by the vector ¢=(x,y,2) €ilj , and
the orientation of frame {B} with respect to {I} is described by the orthogonal rotation matrix

[6]

cosy cos@ —singsiny sinf —cosgsiny cosy sinf + cos@sin gsiny
R =|cos@siny +cosysingsinf  cos@gcosy siny sin@ —cosy cossin @

—cos¢sin @ sin ¢ cos¢@cos b

(1)
The transition from {I} to {B} is done by the subsequent rotations by Z-X-Y Euler
angles denoted, respectively, ¥ (yaw), ¢ (roll), and 0 (pitch), which can be combined into a

_ T
pseudo-vector 7 = [¢.0.y] .
Let us denote ” the mass of the UAV, &, the gravitational constant, J | the constant

w=[o, 0, 0] {B}

inertia tensor of the UAV expressed in {B}, , the angular velocity of

{B} with respect to {I}, JR, the identical inertias of V rotors, (=12, ..N)

velocities of the rotors.

, the angular

Fig. 1 Schematic representation of the UAV (for N = 4)

Then the standard nonlinear equations of motion of the N-rotor UAV can be written in
the form [6], [9]:

2
md f =-mgz, + RF
dt ; 2)
Jd—a)+a)><(Ja)+ Y. Q)=7
dt , 3)
d
= P
d , 4)
where yg = [0 0 Jg]7, € denotes the total angular velocity of the rotors:
N .
Q=>(-)"Q,
, 5)
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and the matrix P(n) in the strapdown equation (4) is equal to

cosd 0 —sin@
P(n)=| sinf tgg 1 cosftgg
sin @/ cos ¢ 0 cosé/cos¢ ©)
The vectors ', 7 = [t,,7,, TZ]T € {B} in the equations (2), (3) combine the principal
non-conservative forces and moments applied to the UAV airframe by the aerodynamics of
the IV rotors (assuming, for simplicity, no external disturbances). Each I th rotor generates a
thrust T; which is proportional to the square of angular velocity Q; (i.e. T; = crQ?, cp > 0)
and acts along the body-fixed axis zgz. Denoting the total thrust at hover by Ty (Tyx =
YN T, and by T, the N-dimensional vector of thrusts Ti (T = [Ty, Ty, ... Ty]"), the mapping
of T to the vector [Ty, 7]7 can be written, generally, in matrix form

T, _
=D, A, T
T

, (7)
Ay = diag{A}'}

where the 4N full-rank numerical matrix Dy, (often called a control allocation matrix)

M M
depends on the UAV geometry, number of rotors &V, etc. [6], and 47 (0<A47 <) are the

motors’ (unknown, but constant) degradation parameters. For properly functioning motors,

the matrix Ay is equal to the identity matrix / (or Ly , to indicate the order V of the

M — .
matrix /). Note that we exclude here the case A7 =0 for any !, which corresponds to

complete failure of the ’-th motor.
Given the needed controls I and 7, the equation (7) allows computing the required
thrusts y (or, which is equivalent, the velocities Q") of rotors. For N =4 it can be done,

assuming Ay =1 , by inverting the matrix By , and the Moore-Penrose pseudoinverse should
be used for N =0 or N =8 [9].

Conventional Control System of UAVs

Irrespective of the number of rotors V , the flight altitude Z and the vector of rotations

_ T
n=[¢.0.y] are usually chosen as four control variables in the underactuated control
systems of the UAVs, where their motion of along the inertial axis z; is described, based on
(1), (2), and (7), by the following scalar equation:

2

m f{ﬁz = (cosgcos Q)u_ —mg,
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or (8)

d*z _ cosgcosd

dr’ m ) (uy =Ty).

The block diagram of the UAV’s nonlinear control system can schematically be
depicted in the form presented in Fig. 2, where we admit a slight abuse of notations
combining in the same block diagram the time-domain signals and the Laplace domain
transfer functions and matrices.

cosgcost

________________

diag{w®(s)} | 1

________________

Fig. 2 Matrix block diagram of the UAV control system

The scalar signals in the block diagram in Fig. 2 correspond to the vertical motion Z of
the UAV along the inertial axis z;, the double lines designate vectors of appropriate
dimensions (3 or N) and S is the Laplace operator. Note that in Fig. 2 we disregard, for
simplicity, the dynamics of DC motors.

The system in Fig. 2 belongs to multi-input multi-output (MIMO) feedback control
systems [10]. Structurally, the numerical control allocation matrix Dy, in (7) describes
kinematic cross-connections between separate channels of the MIMO system, or, more

correctly (if N> 4), the kinematic relations between N thrusts 7; and four control signals
I, 7, 7,7,
Commonly, the matrix regulator Kg4(S) in such systems is taken in the form

Ky (5) = K pdiag {w; (s)} ©)

_ -1 _ +
Ky =Dy forN:4,and Ky =Dy for N=06 or N:8,

where Dj; is the Moore-Penrose pseudoinverse of D, and wf(S) (i =29, 9"/’) are the scalar
transfer functions of the regulators in separate channels. In practice, the standard PID
regulators are often used as wi(S) in (9).

Let us denote Dy = {dlzj} the following matrix:

D; =Dy Ay K, :DMAMD;[_ (10)

A, =1 D,

. . =] .
In case of no motors’ degradations (i.e. NN we have +4 for any V| i.e.

the kinematic cross-connections between four separate channels of the system in Fig. 2 are
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compensated. For that reason, the regulator Kg.4(S) (9), which incorporates a matrix part
Kg = Dj, is usually called decoupling regulator [10].

In what follows, not to encumber the exposition with complex formulas, when
analyzing robustness of the control system we shall assume that the angles and angular
velocities of the UAV are so small that the nonlinear terms in the dynamics equations of
rotational motions (3) can be neglected, and the cosines of all angles are approximately equal
to unity. On these conditions, the dynamics equations (2)-(4) take on the following linearized
form

2
df=LE—g
dt= m 11
: (11)
do __
dt ; (12)

and the matrix block diagram of the UAV control system in Fig. 2 reduces to the simplified
form shown in Fig. 3.

Nzg diag{w ()}

Fig. 3 Matrix block diagram of the linearized control system of the UAV
It Ay =Ty and K, =D, , that is if D, = I4x4, then all kinematic cross-couplings
between separate channels of the linearized MIMO control system in Fig. 3 are compensated
and the system reduces to four independent single-input single-output (SISO) linear systems.
As an instance, the roll channel ¢ of the decoupled linear MIMO control system in Fig. 3 is
shown in Fig. 4 where I, is the moment of inertia around the xp axis. Note that the dynamics
of the plant in Fig. 4 is described by a double integrator (i.e., by two zero poles at the origin of
the complex plane).

¢Rcf 1 ‘?j
e

R
w, ()

Fig. 4 Block diagram of the decoupled linear control system (the roll channel ¢)

A, =1 D, #1,,

In case of motors’ partial degradations, i.e. for NxNand , the linear

MIMO system in Fig. 3 is cross-coupled and the dynamics of the system is described by four
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independent double integrators. This means that in the state-space, the multivariable plant has
eight zero eigenvalues.

Conflict Setting
To proceed in the analysis of the robust conditions, it is more appropriate to transform
the matrix block diagram in Fig. 4 to the equivalent four-dimensional case in Fig. 5, where the

vectors {(s)’ Pou(5) of size 4x1 and the 4x4 diagonal matrix M are given by the following

expressions:
m 0 0 0
0 71,00
M = '
Zrer () z(s) 00170
gls)= Pow =
M ()], n(s)], 0 00 L] (13)

in which the components of the three-dimensional vector 77 in the four-dimensional vector

_ T
Pou(s) are the roll (¢), pitch (9), and yaw (¥) angles, i.e. 7= [¢4.0.¥/] .

|
i
El — dagtw? B K, H ae H 0, B M i, —
I
I

Fig. S Transformed block diagram of the linear control system of the UAV

Research Results
Robust Analysis Control of the UAV’s Control System in case of Motors’ Partial
Degradations.

The transfer matrix of the open-loop MIMO system in Fig. 5 in case of Ay 1 has the
form:
P R
W(s)=—Ms Didiagiw; (s
() =MDy g{,<)}. "
;' (s)

In what follows, we shall admit for simplicity that all " regulators in (9) are

R _
identical, that is w; (8)=we(5) . Then, instead of (14), we can write down

W(s)=w(s)R, (15)

w(s) = wy(s)/ s> R =M;DZ'

where and
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In the theory of multivariable control, such systems, that is MIMO systems with

identical transfer functions "(5) of separate channels and rigid cross-connections described

by square numerical matrix R, are called uniform MIMO systems [10].

The transfer matrix P(5) of the closed-loop control system of the UAV in Fig. 5 with
respect to output signals is equal to

D(s) = [[ + W(S)]_1 W(s)= w(s)R[I + W(S)R]_l ’ (16)

and the stability of the closed-loop system is determined by the locations of the roots of the
characteristic equation

det[1 + 1 (5)] = det [ + w(s)R] =0 (17)

Note, that in case of normally functioning motors, that is in case Ay =1 , the matrix R

-1
in (15) equals My and, instead of (16) and (17), we have

w(s)/m
1+£v()s)/m 0 0
w(s)/ 1, 0
1+w(s)/ 1,
Ps) = w(s)/ I,
0 I+w(s)/ 1,
0 0 w(s)/ 1,
i 1+ w(s)/ 1. | (18)
det[7+W ()] =[1+w(s)/m][1+w(s)/ 1] [1+w(s)/ 1, |[1+w(s)/1.]=0, (19)

that is the transfer matrix of the closed-loop system takes on a diagonal form, and the
characteristic equation reduces to the product of four characteristic equations of separate
channels.

In other words, in case of Ay =1 , the stability of the UAV's control system is

determined by stability of independent separate channels.
Let us discuss now the robustness of the UAV’s control system with respect to possible
losses of the motors’ partial degradations. In accordance with the general robust theory [7,8],

represent the matrix A in (10) as a sum of the ideal (unit) matrix / and the additive
uncertainty Ay , 1.e. in the form

AM=I+AM’ (20)
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M
where the diagonal elements of the diagonal matrix Ay are equal to 7 -1

Then the robustness condition of the UAV’s control system with respect to additive

uncertainty Ay can be written in the following form [7]:

e, <
181, 1)
where A | denotes the spectral norm of the matrix Ay which is equal to the largest of
modulus of the diagonal elements of the matrix Ay . The so-called Hardy norm 1Pl in

(21) is determined as the strict upper bound of the largest singular value (denoted as ) of the

transfer matrix P(/®) (18) of the ideal control system over the whole frequency range of

o (0Lw<L o) , and is equal to:

[PG) .= Slal)pa(q)(jw)) 22)

It is easy to notice that for the diagonal transfer matrix D(s) (18), the largest singular

value O at any frequency @ is determined as the largest of the absolute values of diagonal

elements of the matrix P(/®) _ This allows one to impart a simple geometrical interpretation
to the robust condition (21). Let us re-wright the condition (21), accounting for (18) and (22)
and the above remark, in the form

| w,(jo) |:| < 1

sup| max <
{ A |

o| 1 |[l+w(jo) 23)

w,(jo) (i=1.2.3.4

where ) denote the transfer functions of the separate channels of the open-

loop control system of  the UAV in case of Ay =1 (e.g.,

w(jo)=w(jo)/ m, w,(jo)=w(jo)/I,, etc.).

Then, to get the numerical estimates of allowable motors’ partial degradations based on
the condition (23), one can use the well-known in the classical feedback control graphical
procedure of determining the oscillation index (or peak gain) of the SISO control systems

[11]. It can be shown that on passing in (23) to the equality sign, that condition for any 7 is
reduced to the form

1Ay I

1 ’ 2
Refw.(j . I (] =
{ e{w.(jo)} + — ”2} + [Im{w,(jo)}] . ||2)2. o

Geometrically, this expression determines on the complex plane of the hodograph

. 2N .
w (jo) a circle with the center in the point C with the coordinates A=A 1), 703
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r=lAy /A ~]1A

2
and the radius el ). The allowable value 1A 1l for any ! is determined

by the radius of the circle which touches the hodograph w,(j a)), and for the whole control
system, the allowable motors’ degradation is equal, based on the condition (23), to the

1 ||AM ||1 (l:1,2:3:4)
[Ay |0

minimal value of al
Note that for , the circle (24) shrinks to the critical point =170} Note,

also, that, by definition, the norm 1Ay is always less than unity.

Numerical example

Consider a control system of a quadrotor with the following parameters: " = 2.5kg ,
_ — — 2 -1
Li=1,=1.=05kg-m . The matrices P» and X» =Pu are equal to
1.0 1.0 1.0 1.0 025 0 -2.5 -0.833
0 02 0 -02 K - 025 25 0 0.833
Y102 0 02 0 P71025 0 25 -0.833
-0.3 03 -03 03 , 025 -25 0 0.833 ’ 25)
and identical PID-regulators with the transfer function
W, (s) = 0.0928 + 0.0043 N 5.25
s 0.1834s +1 (26)

are chosen as regulators in separate channels. The transfer function (26) is obtained by using
the graphical interface pidTuner of the package Control System Toolbox in MATLAB. In Fig.

6, there are shown the Nyquist hodographs w(je) and "2 (jo) =w,(jo) = w,(jo) of the
separate channels of the UAV’s control system with PID-regulators (26) and the circle tangent

Wrs4 (jo)

to the hodographs is drawn.

3

(58]
T

|| A_u | =0.552

/ N

w,(j)

W =%

Imaginary Axis
:

w (j@)

Real Axis

Fig. 6 Robustness analysis of the UAV’ control system
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Based on (24), this circle determines the largest allowable value of the additive

1Ay H:O'SSZ. Correspondingly, the smallest allowable value of the

max(4") =0.448

uncertainty equal to

coefficient of motors partial degradation equals . Further loss of motors

M
effectiveness (i.e. the smaller values of 4 ) may result in loss of stability of the UAV’s

control system.
Altitude channel (flight height) transient responses of the ideal UAV’s control system

My _
and control system with motors’ efficiency degradation (for max(4, )_0'3) are shown in

Fig. 7 and Fig. 8. As can be seen from Fig. 8, the control system with motors’ efficiency
degradation is unstable.

1600 ' ' 7
1400 -
1200

,,_

*x =

= @

= e}
T T

Flight Height (m)

Time (s)

Fig. 7 Transient response of ideal control system

w« 10%

Flight Height (m)

-6 —

L
0 100 200 300 400 500 600 700 800 900 10
Time (s)

Fig. 8 Transient response in case of motors’ efficiency degradation
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] Mo - P —

2502 L9819

Fig. 9 Simulink model of the UAV’s control system

The transient responses in Fig. 7 and Fig. 8 were obtained by the UAV’s control system
Simulink model shown in Fig. 9.

Conclusion

A method of analysis of robustness of the UAV’s control system with respect to
possible loss of effectiveness of motors which is presented as an additive uncertainty, is
proposed in the paper. The largest allowable loss of effectiveness (or partial degradation) of
motors is determined by a simple graphical procedure on the complex plane of Nyquist
hodographs of separate channels of the UAV’s control system. A numerical example
illustrating the proposed method of robustness analysis is given.
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uLotuNk (NN UUrL6Mh YUNUJUMrUUL <UvUYUreGrn
NNPUUSNR(E-BUL Y6PLNRONR@EG3NRLLE CUMrdhLENP UUWLULUWUD
uePuLnhuLEMrr Y*6MNLNRYU

Qwuwwpjwu O.L., huyhpywt 4.<, UG pnuywu G.U., Uhdntjwu S.U.
Lwywuypwbp wqquiht wynipipbluthywlwt hwdwjuwpwi

Pwqdwnnunnpwihu wuonwsnt ensnn uwppbpp (UGU) jwjunpbu ogunwgnpdynwd Gu
nwqdwlwu wnwownpwupubipnwd, huswybu bwl twppbp pwnwpwghwywu ninpunubpnid,
huswhupp GU  gniqwunuwnbunyeintup,  npnunnuithplwpwpwywu  w2luwwmwupubipp,
wuwnwnubpnud  hpnbhubph  hwjnuwptbpnudp,  GpplubYnyejwu  dnupwnnphugp U wyu:
Wuonwsnt pnsnn uwppbph hpwlwu pnhspubpnid npn2  wuuwwubih  hpwypéwyubiph
hGwnpwupny Ywpnn Gu wnwowtw] Ywnwwpdwt hwdwywpgh wnwpptip wwpptiph Yud
uwnppbph juwthwunwutp: Uw, hp hbpphu, Ywpnn £ hwugbgutp wdpnng hwdwlwpgh
thiniqdwup L UfFU-ph  nguswgdwup:  Unwohtu  hbpphtu  funupp  YGpwpbpnud £ DC
owndhsubiphu W wunnwnwlubppu, npnup, h wwppbpnyenu EGYwnpnuwhu uwpptph L
wnyhsubiph, s&u Yupnn YpYuopptwyyb; Upfuwwnwupnid wnwownpyynid £ wuonwsnt pnsnn
uwppbph  Ywnwywpdwtu  hwdwywpgbph  nnpwuwnnwu  Ybpinwdnypjwu  dbenn,
owpdhsubph  huwpwynp  wpryniwwybnnygjwu dwutwyh  Ynpunph  nbwpnid:
Uprynibwybnnigjwtu  wnwybjugnyt  pnywwnpblh - Ynpnwinp npnpdnid - £ wwipg
ghwdpywlywu  Gnwuwyny, Yndyltpu hwppnpjwt  Ypw hwdwlwpgh wnwudhu
Ywwninhutiph Lwjpyhunh hnnngpwdubipny: LEpYwjwgywsd £ UMFU-h Yunwywpdwu
hwdwywpgh nnpwunnEywu  Ybpnwdnipjwu  wnwownpyjwsd dbpnnp  wwpqupwunn
eYwjht opptiwl:

Pwbtwih pwnbp. pwqiwnninnpwihu  UGU, owpdhsubiph  wpryniuwybuinniejw
Ynpnuw,  pwqdwswih  wnwywpdwt  hwdwlwpg,  wnhnhy  wunpnange)ntu,
nnpwuwniejnLu:

AHAJIN3 POBACTHOCTU CUCTEM YIIPABJIEHUA BIIVIA B CJIYUAE
YACTUYHOM NOTEPU D®P®EKTUBHOCTU JIBUTATEJEN

I'acnmapsin O.H., Ucnupsin B.I'., Mejkonsin I'.A., Cumonsin T.A.

Hayuonanvnvuii nonumexnuueckuii yHueepcumem Apmenuu

MmuoropotopHsle  OecriuoTHble  jeTarenbHble  anmapaTtel  (BIIJIA)  mmpoko
HCIIOJIb3YIOTCA B BOCHHBIX LIEJISX, @ TAKXKE B PA3NMYHBIX TPAXKIAHCKUX OOJIACTAX, TAKUX KaK
CEJIbCKOE XO3SMCTBO, MOMCKOBO-CIIacaTeNbHbIe Pa0OThl, OOHApPYKEHUE JIECHBIX I0XKapOB,
MOHHUTOPHUHI JABW)XEHHA TpaHcmopra M T.A. B peansHbix mnonerax BIIJIA Bo3HuKaroT
HETpPEeBUCHHbBIE CUTYallMM MPUBOJAIIME K OTKa3aM Pa3JIMYHBIX 3JIEMEHTOB WM YCTPOMCTB
cuctembl ynpasienus BITJIA. DT1o, B CBOIO odYepeap, MOXKET NPUBECTH K KPYLICHUIO M
MOJIHOMY YHHMYTOXXEHHIO JIETAaTEJIbHOIO amnmapara. B mepBylo ouepeab 3TO Kacaercs
JBUTaTeNell MOCTOSIHHOTO TOKAa W MPONEJJIEPOB, KOTOPHIE, B OTJIUYHE OT 3JIEKTPOHHBIX

79



INFORMATION AND COMMUNICATION TECHNOLOGIES
Bulletin Of High Technology N1(25) 2023.-pp. 67-80.

O.N. Gasparyan, V.H. Ispiryan, G.A. Melkonyan, T.A. Simonyan

YCTPOMCTB M NaTYMKOB, HE MOTYT OBITh HPOAYONHPOBAaHBL. B cTaThe MpeIOKEH METO.
aHanu3a podacTHocTu cucteM yrpasieHus BIIJIA B ciyyae BO3MOXKHON YacTHYHOW MOTEPH
s dextuBHOCTH MOTOPOB. [IpenenvHo momyctumas moteps dPQPEKTHBHOCTH ONMPEACsIeTCs
MpocTOr Tpaduueckoil Mporeaypol Ha KOMIUIEKCHOM TMIockocTh TomorpadoB HaiitkBucta
OTHCJIBHBIX KAaHAJIOB CHUCTeMBl. [IpuBeNeH 4MCIEHHBIM IpUMEp, WUIIOCTPUPYIOIIUI
MPEITI0KEHHBIA METO]T aHAIU3a POOACTHOCTHU cucTeMbl yripaBnenus BIUIA.

Knroueswvie cnoea: muoropotopusii BITJIA, morteps sddexTuBHOCTH ABUraTenei,
MHOIOMEpHas CUCTEMA YIPABIICHUS, al/TUTUBHASI HEOIIPEIETIEHHOCTh, pOOACTHOCTb.
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