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PROPOSAL FOR KUSTAANHEIMO-STIEFEL TRANSFORMATION
ON K"AHLER MANIFOLD

G.M. Bagunc, D.G.Arstamyan, M.G.Petrosyan
Shushi University of Technology

We propose the analog of Kustaanheimo-Steffel transformation on the K'ahler manifold based on the
symmetry properties of the latter. For this purpose we invent the alternative notion of the oscillator on K ahler
manifold based on the existence of the so-called Fradkin tensor. Then we define the reduced coordinates as a
Killing potentials of Kahler structure. We also presents the relations which provide the proposed oscillator
model with the Lie algebra symmetries and find the analog of “monopole spin” in the reduced system.
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Introduction
It is well-known that the radial Shrédinger equation for the (p+1)—dimensional
Coulomb problem is transformed into that for 2p—dimensional isotropic oscillator by the
transformation
r= R?, 1)

where r and R denote the radial variable in Coulomb and oscillator problems,
respectively. For p=1, 2, 4 one can establish the complete correspondence between these
two systems.

For example, the two-dimensional Coulomb problem transforms into a two-dimensional
oscillator by the so-called Levi-Chivita (or Bohlin) transformation [1]

z =w, 2)

where z and w are the complex coordinates parameterizing configuration spaces of two-
dimensional Coulomb and oscillator systems, respectively. This transformation maps the
energy levels of the Coulomb problem into those of a circular oscillator given by the
Hamiltonian

H=""+2ma?ww, 3)
£

while the Runge-Lenz vector transforms into the quadratics constant of motion of

oscillator

1 . a a
—_ - _ T
I= o w 2mmwe, 4

It is seen from (2) that quantum circular oscillator 1is in one-to-one
correspondence with the two-dimensional quantum Coulomb system on the two-sheet
Riemann surface. Thus, reducing the latter system by the Z, group action,
corresponding to spatial reflections, one get that the two-dimensional Coulomb problem
corresponds to even states of the oscillator one, while the odd states of the oscillator
corresponds to the Coulomb problem, modified by the presence of magnetic flux that
provides the system by 1/ 2spin [2].
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The correspondence between three-dimensional Coulomb problems and a four-
dimensional oscillator can be established by the use of the so-called Kustaanheimo-
Stiefel transformation [3]

xt = zotz. 5)

Here x' are the Euclidean coordinates in the three-dimensional Coulomb
problem, z* a=1,2 are the complex coordinates, describing the isotropic oscillator in C°,
and ¢’ denote Pauli matrices.

To reduce the four-dimensional oscillator to the three-dimensional Coulomb system, we
have to perform the Hamil-tonian reduction by the action of U(1) group generated by the
function

Jo = i(zm — Zm) (©)

given on the conangent bundle of C° equipped with the canonical symplectic structure
dz Adr +dzadm. @)
The reduced symplectic structure takes the form
dx' adp; +s f—;Ef}-kdx" Adxt, r? = xtx, (3)
whereas energy level of the oscillator Hamiltonian
H=E, H=""+2maw?zz ©)
reduces to the energy levelr of the following three-dimensional system
52 E

- (10)

i =

2
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Hyeqg = —2mw*, Hy =—
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z'l:mriz—s_rﬂif
2(=3)

So, the Coulomb problem corresponds to the Jy=s=0 level surface, whereas
Jo=s=0 corresponds to the charge-dyon system proposed by Zwanziger [4] and re-
derived by many authors [5-9]. The Runge-Lenz vector of three-dimensional system
(10) corresponds to the constants of motion of a four-dimensional oscillator given by the
expressions

Here s is the value of the generator .Jy, and pf =

i b i=y _ .- iz
I' = —(mo'm) — 2mw?(za'z). (11)
The five-dimensional Coulomb problem and its generalization, specified by the
presence of a five-dimensional SU (2) monopole (corresponding to the BPST instanton), can
be obtained from the eight-dimensional oscillator [10, 11, 12] defined on the two-
dimensional quaternionic plane 4° by the Hamiltonian reduction on SU (2) group.

Conflict setting
The moral of the proposed derivations of two- and three- dimensional Coulomb
problems is not only in the elegant explanation of hidden symmetry of the Coulomb problem
given by Runge-Lenz like vectors, but also in the possibility to construct modified Coulomb
systems, specified by the presence of monopoles and hidden symmetries. From this point of
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view, the restriction on the dimension of the initial (oscillator) configuration space looks
rather artificial. It comes from the requirement to get the reduced (Coulomb) system with flat
configuration space.

Indeed, the above-presented correspondences between Coulomb and oscillator
systems is based on the Hopf maps S'/Z,= §', S>/U(1)=CP'= §°, §’/SU(2)=HP'=S" (since S’,
S?, S* parameterize the angular parts of the corresponding Coulomb problems). On the other
hand, the sort of a monopole arising in the reduced system is uniquely defined by the
structure of the reduction group.

In the present note we propose some preliminary construction, that seems to be a
relevant generalization of the Kustaanheimo-Stiefel transformation. We show that Kéhler
manifolds are appropriate configuration spaces, on which an analog of the Kustaanheimo-
Stiefel transformation can be formulated.

Research results
Consider Kéhler manifold equipped with the metric

%K

Gupdztdz? = ~—anih dz%dz?, (12)
and with the associated Poisson brackets
,af = dg L, af = dg = T
{figto=ioz9"" S5 —i59%" — 9% gu: = 6¢. (13)

The isometries of the Kéhler structure are defined by the holomorphic Hamiltonian
vector fields

. 3 | =um ] ) :
Ve = VE(z) —+ VHAz) — . [V VP] =204, (14)
where
. " 5 v A% HH . OHM
VE = {HM Lo (HEHYY o = 26714 - To, 5o =0, (19)

with the functions H" called Killing potentials. Free particle motion on this manifold is
defined by the following canonical symplectic structure and Hamiltonian

1 _
dz® A dm, + d7% AdT, , Do =g 1, . (16)
This Hamiltonian defines covariant derivatives of the symmetric tensors

= — — il
{DD-} =W Ve +T,VE, Vo= HHL‘FH: Vy= i"' PHL’ Th i (17)
Te

dzt
The isometries (15) define the Noether constants of motion
Ju = 2(VHem, + VHRiT5): Dy, J0} = 0, UK, J7) = CI°)2, (18)
Let introduce the following functions
2P¢ = (D, H*} = i(VWeg, — VDT ) 21 = {Dy, PH} + HE = AH + HH (19)

which have the following Poisson brackets
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(Prpv}y = cf¥J2, (PrPY=Ci¥PE, (47 =C A, (20)
(v, 10} = ¢ A +%{A“.A’*’}.

In the case when the following equation holds,
[A#, 4%} = [HIF, V4 HY} = 0, (21)

the above functions form Lie algebra, which looks similar to the algebra of oscillator. The
functions /, define to the Hamiltonian of an oscillator and its quadratic constants of motion.
So, the equation (18) and (19) define the appropriate generalization of oscillator algebra.

In principle, one can consider a weaker condition on the system under consideration,
requiring the existence of isometry Hy obeying the conditions

{Ho.Ju} =0, {4p,4,}=0. (22)

In that case, /, can also be considered as appropriate generalization of the oscillator
Hamiltonian and Demkov’s tensor.

On the other hand, taking into account (15), one can transform equations (21)
containing the fourth-order derivatives of H, into equivalent ones containing only the first-
and the second-order derivatives of H,.

It follows from (22) that JOcommutes with all the functions H*, J*, P*, I". Thus,
reducing the system by the action of Jy, we can get the analog of of the Coulomb problem
with # defining the Hamiltonian and Runge-Lenz vector.

For this purpose we define the dual “momenta” P, conjugated with A* and the “dual
metric” g"” (with the inverse metric g*")

ante - anv
izt il 2l

B.=gP’, g""(H)= (23)
It follows from (20) that the Poisson brackets of the functions P,, H,, and J, are of the

form

sy = ue gt = G HY, (B = GO R

. . 24
..HMIHI'}:GI {H#.ﬂ.}zﬂ":& {P#"Fir}:g#:rgyﬁcjﬁ (j.i_c;’:ﬁhr:rpﬁ) ( )
Hence, choosing the functionally independent generators H' and conjugated momenta
P;, we get Poisson brackets describing particle in an external magnetic field

By = Guaup er'ﬁ?l, where §4 is a “monopole spin”
¢ =ctP Hepg + SB (25)

It is clear, that on the flat spaces this construction coincides with formulae arising in
the Kustaanheimo-Stiefel transformation which were given in the Introduction. Thus, it can
be viewed as generalization of the Kustaanheimo-Stiefel transformation to Kidhler manifolds.

Conclusion

In this paper we proposed the analog analog of harmonic oscillator on the generic Kahler
manifold, and the generalization of Kustaanheimo-Stieffel transformation transforming this system to
the Coulomb-like one. Our construction of the “generalaized oscillator” is based on the symmetry
algebra of configuration space, and is different from the so-called “Kahler oscillator” construction [12,
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13] which was inspired by the supersymmetry arguments and by the concrete model of oscillator
system on complex projective spaces [14, 15]. For sure, our construction is quite preliminary and
should be studied in more details.
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UNhUSUULE3UN-CSEILD QI UONIVNRE3NRLLED UNTUNNRUT
YELEP FULQUUQGYNRESNRULLEND U

4.U. Pumniug, +.Q. Ununudjui, U.Q. Mhnpnuywub
Cniphh nkfulnnghwlwml hwdwyjuwpul

Uhpjuyugdws b Untuwnwwbbpn-Cunbkdkih dbwihnjunipniuubph wbwing aup Ykkpp
puqumpjut Jpw, hhdtwgnpyusé JEpohtthu hwdwswthuwjht hwnlnipniuubpnyg. Fpw hwdwp dkup
wnwewnynid kup oughpjuwnph wypunpubipuyhtt vwhdwinudp kkph puqunipjub Jpw, hhdudus
wjuybu Ynsdus dpwunlhh wnbkuqnph gnmipjudp, hull hbkun vwhdwiynd b nlgnigdus
Ynnpphtwwnbbkpp npybu Ynybpjut junnigusph Yhihigh ynnbkughwjikp Ukup twb phpnud Eup
wnbympinitubp, npnup wywhnynid Eu oughpuwninph wnwowpljus dnnkip Lhh hwbpwhwoyh
huwdwswihnmpniubbpnd b poy; Bt tnwjhu quil] “dninwynjuyghtt uyhth” whwingp pknniygdws
hwdwljupgnud:

FPwbhugh punkp. UntunwwtbjUn-Cunbdkh dbwhnfumpiniuutp, Uhkph pwqunipynit, Yhyhugh
wnukughwiubp, Lhh hwipwhwohy hwdwswthnipintl, “Untinynjuyhtt uyhth™
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MPUMEHEHMS TPEOBAPO30BAHUM KYCTAAHXEMUMO-IITE®®EJIS
HA MHOI'OBPA3HUU KJJIEPA

I''M. Barynu, J.I'. Apycramsan, M.I'. Ilerpocsin

L ywunckuti mexnono2uueckuti yHugepcumem

[Ipennoxen aHamor mpeobpaszoBanusi Kycraanxeiimo-llltepdens wa Keneporom
MHOT000pa3ui MHOTOOOpa3HH, OCHOBAHHBIA Ha CHMMETPHUYHBIX CBOMCTBax mociemHero. Jis atoro
Mbl @IpeAjaraeM albTepHAaTUBHOE OIpeleNeHue ocuuuiaTopa Ha KenepoBom MHoroo0pasuu,
OCHOBAaHHO€ Ha CYILECTBOBAaHMM TaK Ha3blBaeMoro TeH3opa PpaakuHa, a 3aTeM OIpeaeseM
penyLMpOBaHHbIE KOOPAMHATHl Kak IOTeHUuaabl KusimHra KyjaepoBoil CTpyKTypbl. Mbl Takxke
IIPUBOIUM  COOTHOILEHHS, KOTOpble O0OECIeYMBalOT IpeiIaraéMyl0  MOJENb  OCLHWLIATOpA
CUMMeTpUsAMU areOpsl JIuu HaXoAAT aHaJIoOr ""MOHOIOJIBHOIO CIIMHA" B peAyLIUPOBAaHHOI! cucTeMe.

Knwueswvie cnosa: Tlpeobpasosanust Kycraanxeiimo-IlITeddens, KeaepoBom mMHOrootdpasue,
noreHanbsl Kunuara, cummeTpusiMu anreops! JIu, "MoHomonsHOTO crivHa'.
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